A semiclassical realization of infrared renormalons 
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Perturbation series in quantum field theory are generally divergent asymptotic series which are 
also typically not Borel resummable in the sense that the resummed series is ambiguous. The 
ambiguity is associated with singularities in the Borel plane on the positive real axis. In quantum 
mechanics there are cases in which the ambiguity that arises in perturbation theory cancels against 
a similarly ambiguous contribution from instanton-anti-instanton events. In asymptotically free 
gauge theories this mechanism does not suffice because perturbation theory develops ambiguities 
associated with singularities in the Borel plane which are closer to the origin by a factor of about 
A'" (the rank of the gauge group) compared to the singularities realized by instanton events. These 
are called IR renormalon poles, and on they do not possess any known semiclassical realization. 
By using continuity on R"^ x 5^, and by generalizing the works of Bogomolny and Zinn- Justin to 
QFT, we identify saddle point field configurations, e.g., bion-anti-bion events, corresponding to 
singularities in the Borel plane which are of order A'' times closer to the origin than the 4d BPST 
instanton-anti-instanton singularity. We conjecture that these are the leading singularities in the 
Borel plane and that they are the incarnation of the elusive renormalons in the weak coupling regime. 

PACS numbers: 11.15.-q, ll.15.Kc ,11.15.Tk, 12.38.Aw, 12.38.Cy 



Perturbation theory in almost all interesting quantum 
field theories is divergent even after proper regularization 
and renormalization. A method that defines a finite per- 
turbative expansion is to resum it by first computing its 
convergent Borel transform as a function of a complex pa- 
rameter, t, and then appropriately integrating the Borel 
transform along the positive real axis in the i-plane. But 
in most cases the perturbative expansion is not Borel 
resummable due to certain types of singularities of the 
Borel transform. These obstructions amount to an am- 
biguity in the would-be Borel sum. Therefore, if we take 
the Borel procedure as the definition of perturbation the- 
ory, perturbation theory by itself is ill-defined. 

In quantum mechanics there are cases, e.g., the 
double-well potential, in which this disease of the 
Borel sum can be cured by a procedure that we re- 
fer to as the Bogomolny-Zinn- Justin (BZJ) prescription. 
Here the perturbative ambiguity cancels against a non- 
perturbative contribution from instanton-anti-instanton 
events [l|, The sum of the perturbative and non- 
perturbative semiclassical expansions in quantum me- 
chanics apparently produces ambiguity-free (and accu- 
rate) results 0. But it proved impossible to generalize 
this idea to asymptotically free field theories like QCD 
because of the occurrence of infrared (IR) renormalon 
singularities. These singularities are much closer to the 
origin of the Borel i-plane than the BPST instanton- 
anti-instanton singularities [4, 5] , and there are no known 
semiclassical configurations against which to cancel the 
IR renormalon ambiguities. 

In this work, by combining the ideas of [ll,[3 and 1,0 



involving compactification, continuity, and semiclassical 
analysis, we argue that the appropriate sum of perturba- 
tive and non-perturbative semiclassical expansions can 
be used to give a non-perturbative continuum definition 
of a large class of gauge field theories. 

Borel resummation and the BZJ prescription in 
quantum mechanics 

We first review the Borel resummation idea, which 
we take as the definition of perturbation theory. Let 



Pig') = e: 



g denote a perturbation series for an 



observable. If P{g^) has a convergent Borel transform 
BP{t) := X^i^o ^ri t"^ /n\ for positive real t, then 
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Ha^) = / BP{t) e-'i^ dt 



(1) 



formally gives back P{g^) and we say P(5^) is the 
(unique) Borel resummation of P{g'^). However, if BP{t) 
has singularities at ti G M+, then P((7^) as defined by the 
integral ([T]) is ambiguous. 

The ambiguity in P(g^) can be seen as the freedom to 
choose integration contours C± in ^ to go just above or 
just below the singularity. (Equivalently, one can keep 
the contour on the real axis but move the singularity 
location by shifting g^ —?' g^ T Define 



,{g') 1 / BP{t) 
9 Jc± 



(2) 



Then f±{g'^) = Ref{g'^) ± ilmF{g'^), where ImP(g2) ^ 
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An equivalent way to describe this ambiguity is to con- 
sider P((7^) as a function in the complex g^-plane. The 
ambiguity of F(f;^) for 5^ > is a branch cut in the 
complex (7^-plane, and P(5^) defines an analytic function 
there except at the cut. In particular, very often a pertur- 
bative sum P{g'^) that is non-Borel summable for > 
is Borel summable for negative g^, where the answer is 
unique. However, the analytic continuation from nega- 
tive to positive g"^ is ambiguous since it can be done either 
in a clockwise sense, (7+, or in a counter-clockwise sense, 
C_, ending at ± ie. The Borel sums obtained in this 
way by continuations C± in the g^-plane are equivalent 
to the Borel sums in ([2]) with choices of t-plane contour 
C^, respectively. 

Borel sum ambiguities of the type ±ze~*^/^^ should be 
viewed as a defect of perturbation theory. But it need not 
be a problem in the full theory, and may actually provide 
a link between the perturbative and non-perturbative 
physics. First, the ambiguity in IP(g^) has the same form 
as an instanton contribution: 6"*^/^' e~^"^^ where 
Si is the instanton action. Furthermore, though there 
is no ambiguity associated with an instanton amplitude 
[I] and it cannot cancel the ambiguity of perturbation 
theory, an instanton-anti-instanton amplitude [III, on 
the other hand, does have a two- fold ambiguity [J, Q. 
The identification of this ambiguity and its cancellation 
against the ambiguity of the perturbative Borel sum is 
what we call the BZJ prescription. 

Let us review this argument as we will find conditions 
under which it also occurs in field theory. While the 
space-time position of a single instanton is an exact zero 
mode, there is a relatively weak attractive interaction 
between an T-X pair, making their relative separation a 
quasi-zero mode, parametrically split from the other non- 
zero modes. One integrates over this quasi-zero mode in 
evaluating the [H] amplitude. 

Since the interaction is attractive, the integral over the 
quasi-zero mode is dominated by small separations where 
a well-defined I-X configuration does not exist, rendering 
the amplitude meaningless. But since X-I configurations 
carry the same quantum numbers as the perturbative 
vacuum, one must treat them as one does in perturba- 
tion theory where one takes g^ negative to make it Borel 
summable. When 5^ < the X-X interaction is repul- 
sive at short distances and the quasi-zero mode integral 
is concentrated at some separation, r, much larger than 
the instanton size, but much smaller than the typical sin- 
gle instanton separation Hence, such a defect should 
be considered as a molecular instanton and at distances 
much larger than r it can be treated as being point-like. 
The quasi-zero mode integral converges and the \XX] am- 
plitude, obtained by analytically continuing back to posi- 
tive g^, is two- fold ambiguous depending on the choice of 
the continuation path, C± . We call these two amplitudes 
respectively. As asserted above, the continuation 



of IP((7^) from < to > also produces a two- 
fold ambiguity. The ambiguity in the sum of the Borel 
summed and bi-instanton amplitudes vanishes, 

Im[P±(.g2) + [ZX]±(g2)] =0, (3) 

up to terms of order e^*^/^ ^ e^*^/^ This means 

that the ambiguities at order eT^^I^ cancel, independent 
of the choice of path, so long as one consistently uses Crp 
along with C±. 

Thus although perturbation theory by itself is not 
meaningful, the sum of both the perturbative and non- 
perturbative parts of the semiclassical expansion does 
seem to be meaningful. This is the essence of the BZJ 
prescription. 

Can this idea work in field theory, e.g., in QCD? In 
't Hooft argued that it does not work for gauge theories 
on R** due to the above-mentioned IR renormalon prob- 
lem. We will argue that it does work on M"^ x S*^ in a 
gauge theory continuously connected to one on M^, thus 
providing a new perspective on 't Hooft's renormalons. 

QCD on R*: instantons and renormalons 

On M^, in a QCD- like gauge theory with gauge group 
G, the instanton-anti-instanton amplitude calculated in 
the same way as above (for small 4d instantons for which 
one can do a semiclassical analysis) gives a contribution 
\XJLa\± ^ ize"^""^^ [9[. Therefore, according to an argu- 
ment of Lipatov [lo| correlating the large-order behavior 
of perturbation series with certain saddle point configu- 
rations, the Borel transform has singularities at 

t = t„ ^ n{2Si)g^ = Wir'^n, Q < n e Z, (4) 

leading to lmP±{g'^) « ±ze~*"/f' = ±ie"2nS,_ j.^^ 
[X4X4]± singularities, as in the case of quantum mechan- 
ics, arise due to the nl growth in the number of Feynman 
diagrams, and the two ambiguities cancel. But this is far 
from a happy ending. 

The Borel transform BP{t) has other (far more impor- 
tant) singularities closer to the origin of the Borel plane, 
located at 

t - t„ - n(25/)gV/3o, n = 2,3,... (5) 

where ^ N is the first coefficient of the beta func- 
tion and iV=rank(G). These come from the leading di- 
vergence of perturbation theory due to the sub-class of 
"bubble" diagrams (and not due to the n\ growth in the 
total number of Feynman diagrams). This class of dia- 
grams grow as {n/2) \ at n-th order in perturbation theory 
with the main contribution coming from small internal 
momenta of order A, the strong coupling scale of QCD, 
and give the poles in the Borel plane located at ([S|). 't 
Hooft called these singularities "IR renormalons" in the 
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expectation/hope that they would be shown to be as- 
sociated with a semiclassical saddle-point-like instanton. 
However, no such configuration is known to date. 

Thus the disease of perturbation theory is not cured in 
field theory as it is in the quantum mechanics examples. 
This is not just a formal problem, but a reflection of a ba- 
sic and troubling lack of understanding of gauge theories. 
It raises the conceptual question of whether a continuum 
definition of these theories exists More practically, 
in QCD phenomenology "power-law corrections" are in- 
voked to remove the renormalon pole ambiguity in IP(5^) 
but without a microscopically justified and concrete 
method to compute them. 

QCD(adj) on x S*^: topological molecules 

A new program to study 4d gauge dynamics is to use 
compactification on x where is, crucially, a spa- 
tial (non-thermal) circle with size L. This amounts to us- 
ing periodic (not anti-periodic) boundary conditions for 
fermions. With this compactification, a class of gauge 
theories exists which have no center-symmetry changing 
phase transition or no phase transition at all as the ra- 
dius is varied, in contradistinction to the thermal case. 
Such theories exhibit semiclassical calculability at fixed 
N and small i [6l lD, , and volume independence in 



the large- A'' limit ■ A gauge theory in this category is 
Yang-Mills theory with Uf adjoint Majorana (or Weyl) 
fermions, abbreviated as QCD(adj). 

On a small S^, the dynamics of QCD(adj) is weakly 
coupled. The gauge holonomy around the behaves as a 
compact adjoint Higgs field, and the gauge group abelian- 
izes at long distances, G U{1)^ , where A^ — rank(G), 
similar to the Coulomb branch of Af=2 supersymmetric 
theories and to the 3d Polyakov model [31 ■ The low 
energy theory is a collection of 3d compact U{l)'s with 
fermions. Although the long-distance theory is 3d, the 
fact that the microscopic theory lives in 4d is crucial for 
confinement and other non-perturbative properties 0- 

Monopole-instantons J^i, i = 1, . . . , N + 1, contribute 
at leading non-perturbative order in the semiclassical ex- 
pansion. These are associated with the simple roots and 
the affine root of G 
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Each Aii carries 2nf fermion 
zero modes. So, unlike in the Polyakov mechanism in 3d, 
they do not induce a mass gap and confinement 0, 

The 4d BPST instanton carries 2n//i^ fermion zero 
modes where /i^ ~ A^ is the dual Coxeter number of G. 
The M-iS may be viewed as constituents of the 4d 
BPST instanton. The action of these monopole events is 
Sm. ~ SxjN. Therefore 4d BPST instantons are rel- 
atively unimportant in the semiclassical expansion since 
they only appear at about A^-th order. 

At second order in the semiclassical expansion there 
are two types of topological molecules which lead to am- 
plitudes with no fermionic zero modes. These are in one- 
to-one correspondence with the non-vanishing elements 



of the extended Cartan matrix Aij of G. 

For each entry Aij < there exists a magnetic bion, 
Bij ^ [A4iMj], a topological molecule with no fermionic 
zero mode but with a net magnetic charge. The Bij gen- 
erate a mass gap for gauge fluctuations and confinement 

inQCD(adj)0- 

For each diagonal entry. An > 0, there exists a neu- 
tral bion, Bii ~ [A^iA^i], with zero topological charge 
and zero magnetic charge. The Ba generate a repulsion 
among the eigenvalues of the gauge holonomy |18j . 

In QCD(adj), neither the contribution of the magnetic 
bions nor of the neutral bions to amplitudes is ambigu- 
ous. One might have suspected that the neutral bion 
would give an ambiguous contribution as it has the same 
(vanishing) quantum numbers as the perturbative vac- 
uum. The fact that it is not so in QCD(adj) is tied 
to the fermionic zero modes of its constituents. In a 
purely bosonic theory, the neutral bion Ba is the lead- 
ing effect {second order in the semiclassical expansion) to 
generate a non-perturbative ambiguity, see below. That 
instanton-anti-instanton amplitudes can be ambiguity- 
free in a theory with fermions, but are (necessarily) am- 
biguous in a purely bosonic theory is already known in 
the context of quantum mechanics [l^. A classification 
of the effects of various types of saddle point configura- 
tions will be given in 18 1. 



The bion— anti-bion as renormalon 

In QCD(adj), we concentrate on the contribution at 
fourth order in the semiclassical expansion due to (quasi)- 
saddle point configurations associated to magnetic bions 
and magnetic anti-bions, [BijBij] molecules. They expe- 
rience a Coulomb attraction, and are indistinguishable 
from the perturbative vacuum, according to their to- 
tal topological and magnetic charge. We therefore have 
to compute the contribution of these correlated overall- 
neutral bion pair amplitudes in the same way we do the 
purely perturbative contributions, following the natural 
generalization of the BZJ prescription to QFT. 

Therefore, first take negative. Then the bion con- 
stituents repel at small separations and the integral over 
the quasi-zero mode is finite and concentrated around 
some characteristic separation. In the integral over the 
quasi-zero mode, one also needs to subtract the effect of 
uncorrelated bions which were already taken into account 
at second order in the semiclassical expansion. This 
step is the same as in quantum mechanics P, 0] . Now 
analytically continue back to positive g^. In doing so, 
we find [l8| a two- fold ambiguity in the [BijBij] ampli- 
tude, namely, [BijBij]± = Re\BiiBii]±ilm\BiiBin] where 
liR[BijBij] « exp^'^'^-^i . Then, following Lipatov [ifl], we 
predict poles in the Borel plane located at 

tn = ^nSM^g^ ~ 4:nSxjN, < n e Z. (6) 

So we have found semiclassical saddle point configura- 
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tions for QCD(adj) on M.^ x giving Borel plane singu- 
larities on the order of N times closer to the origin than 
the 4d BPST instanton-anti-instanton singularity. This 
is the same neighborhood as the IR renormalon singular- 
ities of 't Hooft, at least parametrically in N. In order 
for weakly coupled continuum QCD(adj) on x to 
make sense, we must have 



ImP± + lm[BijBij]± = for QCD(adj). 
We make two conjectures: 



(7) 



1) The same set of bubble diagrams in 4d which 
give the IR renormalon singularity also give the 
[BijBij] singularity in perturbation theory around 
the abelianized C/(l)^ vacuum. 

2) Abelianizing gauge theories with two-index repre- 
sentation fermions on x have no other singu- 
larities closer to the Borel plane origin. 

If these two conjectures are true, then these theories may 
be non-perturbatively defined in the continuum through 
their semiclassical expansions. 

General gauge theories 

These arguments can be generalized to other gauge 
theories. In Af—i and M—2 supersymmetric extensions 
of pure Yang-Mills theory, despite the fact that MiS ex- 
ist, neither the neutral bion nor the magnetic bion does 
[2O1] . The simplest way to see this is to observe that the 
number of fermion zero modes of the A^i's prohibit a su- 
perpotential and, consequently, a bosonic potential. This 
means that on R^^ x these theories have no singularities 
on the positive real axis in the Borel plane, are therefore 
Borel summable at finite S*^, and, by continuity and ana- 
lyticity, on R^. This argument is complementary to and 
in agreement with that of Ref . [2l| . 

In pure Yang-Mills, since there is a phase transition on 
X S*^ as the radius is reduced, one might conclude that 
this formalism does not apply. However, there exists a 
smooth continuation of the large-S*^ confined phase to a 
small-S^ (weakly coupled) confined phase. The small-5'^ 
theory obtained in this manner is called deformed Yang- 
Mills (dYM) theory In dYM the neutral bion Bu = 
has an ambiguity corresponding to a pole in the 
Borel plane located at i„ — 2nSMi9^ — ^nSx^/N. This 
is again in the same neighborhood, parametrically in N, 
as the IR renormalon poles in YM on R'' A] ■ In this case 
the neutral bion is the semiclassical incarnation of the 
IR renormalon. We expect an ambiguity-free definition 
of dYM due to cancellations such as 



ImP± + l^Jl[M^Mi]± = for dYM. 



in the semiclassical regime we see that the proliferation 
of Bij events in QCD(adj), and the proliferation of Mj, 
events in dYM generate a mass gap and confinement 0, 
[2^ . So, at least in the semiclassical domain, a sharpening 
of 't Hooft 's speculation is that the events at order n 
in the semiclassical expansion which cause confinement 
are responsible at order 2n for generating IR renormalon 
singularities. 

Finally, we note that the pole locations associated with 
our topological molecules do differ from the proposed IR 
renormalon pole locations on R^ by numerical (order one) 
factors. This difference stems from the fact that our anal- 
ysis is in the semiclassical LNA < 1 domain. As we in- 
crease L or A'', we expect these poles to saturate to their 
values on in the volume independence LNA 3> 1 do- 
main. This last observation, in principle, should permit 
us to study IR renormalons through equivalent large- A^ 
matrix models 12 , 2^ , combined with the techniques of 
Refs. m,!!]. 

It is a pleasure to thank E. Poppitz for helpful discus- 
sions and comments. 
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